Abstract. In the first part of this article the following result was proved.
include the most interesting known cases: e.g. a WCG Banach space is a weak Asplund space, a result proved by Asplund [1] using quite different techniques.
§4 consists of examples and some questions. We assume, only for simplicity, that our Banach spaces are real Banach spaces. Most of these results were obtained while the author was a member of the Sonderforschungsbereich 72 der Universität Bonn. The author would like to thank J. Diestel and R. R. Phelps for reading and commenting on a preliminary version of this paper.
1. RNP and GSP sets and their duality. Definition 1.1. Let K be a closed, bounded, convex subset of a Banach space X. We say that K has the Radon-Nikodym property if for any finite measure space (SI, 2, p), any m : 2 -» X that is /t-continuous, countably additive, of finite variation, with average range {p(E)~xm(E): E G 2, p(E) > 0} contained in K, is representable by a Bochner integrable function. That is, there exists /: SI -> X, Borel measurable, essentially separably valued, with m(E) = fßf dP. The function /is called the derivative of m. It is easy to see that/(to) G K a.e.
A Banach space has RNP if every closed, bounded and convex subset has RNP.
The most important examples of RNP sets are the weakly compact sets. This can be proved in several ways; perhaps the easiest is [2] .
We state the following theorem, due to a number of authors-see [4] for a discussion of RNP.
Theorem. Let K be a closed, bounded, convex subset of a Banach space. Then the following are equivalent.
(1) K is an RNP set; (2) every closed (convex) subset of K is deniable; (3) every closed, convex subset of K is the closed, convex hull of its strongly exposed points.
The most remarkable part of this remarkable theorem is that (2) implies (3), which is due to Bourgain (in [2] it is proved for weakly compact sets-the arguments given there easily generalize). We do not need this theorem so we shall not go into the details here (see [2] and, for a survey, [4] ). However, we need to know that an element x* in A1* exposes a subset K of X if x* attains its supremum on K, and does so at only one point in K; and x* G X* strongly exposes K if it attains its supremum, say at x0 in K, and if x*(x") converges to x*(x0), xn in K, then || xn -x0|| converges to zero.
We mention the special case of RNP sets we shall be interested in: where K is an RNP subset of some conjugate Banach space and is weak* closed (hence weak* compact).
If Â' is a convex, weak* compact and convex subset of X*, then K is an RNP set if and only if for every Radon measure p on % (the weak* Borel subsets of K), the resolvent mapping m from ® to X* given by m(B)(x) = f x*(x) dp(x*)
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use is representable by a Bochner integrable function. This is equivalent to saying that ix is supported a.e. on a countable union of norm compact sets. Details about this can be found in [6] , [26] and [4] .
We shall repeatedly use the following fact: if K¡ G X¡, i = 1, 2, then Ä", and K2 are RNP sets if and only if Kx X K2 is an RNP subset of Xx X X2. The case we shall use very often is that K is an RNP set if and only if A' X I is an RNP subset of X X R where I is any closed, bounded interval. This is a complicated way of stating the usual real-valued version of the Radon-Nikodym theorem.
If {x,: i G 1} is a family of Banach spaces indexed by the set Z, then (2/ Xj) , 1 < p < +00, and (2/ X;)0 denote the usual lp and c0 sums. (See [26] .)
A Banach space X is always considered as canonically embedded in its bidual X**.
If x is an element of X and e > 0, we denote by Bx(x, e) (resp. Bx(x, e)) the open (resp. closed) ball in X with center x and radius e.
If K is a compact Hausdorff space and p a Radon measure on K, then C(K), LX(K, p) and LX(K, p) denote the Banach spaces of continuous functions on K and the Lx and Lx spaces, respectively. More generally, (SI, 2, p) will denote a general positive measure space and Lp(Sl, 2, p) the usual spaces. Definition 1.2. (i) A subset S of Lx(Sl, 2, ju) is said to be equimeasurable [6] if for every e > 0 there exists a set B G 2, p(B) > p(Si) -e, and {f\B: f G S) is a relatively compact subset of Lx(Sl, 2, p).
(ii) A bounded subset S of a Banach space X is said to be a GSP set if for any finite measure spaces (SI, 2, p) and any continuous, linear function T: X -> Lx(Sl, 2, p), the set {Tx: x G S) is equimeasurable.
Suppose S is a closed, bounded and convex subset of the Banach space X. Then, rephrasing Proposition 9 of [6] , we have that S is a GSP set if and only if the following holds:
For every Banach space Y, every probability space (S2, 2, p), every T: Y -> X with T(BY(0, 1)) contained in S and every Z: X -+ Lx(Sl, 2, p) then JIR is a nuclear operator where J: Lx(Sl, 2, p) -» LX(S¡, 2, p) is the canonical operator (see [6, pp. 78-88 and 141-148] ).
This allows a proof of the following. Suppose T: X -> C(K) is an into isomorphism and S is a bounded subset of X. Then, 5 is a GSP subset of X if and only if T(S) is a GSP subset of C(K). Suppose we have operators Tx: Z -> X with T(Bz(0, l)) G S and T2: X -> Lx(Sl,1., p). Since T is an isomorphism and Lx(Si, 2, p) is an injective space there exists an operator R: C(K)^> Lx(Sl, 2, p) such that RT = T2. If J denotes the canonical operator from Lx(Sl, 2, p) to Lx(Sl, 2, p) then JR is an integral operator [6, loc. cit.] and there exists a positive Radon measure v on K such that f\Rf\ dp < /|/| dp for all/ G C(K) (see [6, pp. 154-164] and [11] ). If T(S) is a GSP set then JXTTX is nuclear where Tx:
Clearly, JTZTX is nuclear and we have shown that S is a GSP set.
In the following lemmas 5 denotes a bounded subset of the Banach space X. Proof. One direction is immediate from Lemma 1.7. Assume Xn is isometrically embedded in C(Kn). Let K' be the one point compactification of the disjoint union of the A^'s. Then we may regard (2" Xn)0 as a subspace of C(AT'). Let p he a Radon measure on K' and e > 0. Choose m such that |ii|(Un>m Kn) < e/2. By assumption {xl^ : x G S} is equimeasurable for each «, sois{x|u "'■ x G S} (the finite sum of such sets). This completes the proof by Lemmas 1.4 and 1.7.
We shall need the following Proof. This is an application of the results of [26] . If, for some T and separable Y, T*(K) is not norm separable, then there exist a subset A of T*(K), A homeomorphic to the Cantor set (in the weak* topology), a Haar system {«",} in A and a bounded sequence {x",} in y such that 2 2 II Rxn.¡ -KA<e < l n>0 0<i<2"
[26, Corollary 1] . Let K0 be (T*)"'(A) n K. Let p be the measure on A such that / «", dp = 2" [26, Theorem 2] . Regarding p as a continuous linear function on C(A) and C(A) as a subspace of C(K0) we may extend p to a measure v on K0 and hence to all of K. By the remarks at the beginning of this section and the results of Let K be a weak* compact, but not necessarily convex, subset of X*. Let Y he a separable Banach space and T: Y -+ X. Suppose T*(K) is norm separable. Then the weak* closed convex hull of T*(K) in X* is also norm separable; one need only observe that, in this case, T*(K) is Polish in both the weak* and norm topologies. Actually, this is a special case of a much more general result due to Haydon [8] . By the weak* continuity of T*, the image of the weak* closed convex hull of K is separable. The point is that a weak* compact subset K of X* is RNP if and only if the weak* closed, convex hull of K is RNP. Also, if K¡ are weak* compact RNP sets for 1 < / < «, and a < / < b then the smallest weak* closed set containing U ]<,<", a</<* tXj is also a weak* compact RNP set. We are now prepared to prove the following. Proof. Let Z be a separable Banach space and R : Z -> X an operator and we may assume ||Z?|| = 1. If R*T*(BY.(0, 1)) is not norm separable then we may proceed exactly as in Proposition 1.10 and produce a probability space (SI, 2, p) and an operator U: Y -> Lx(Sl, 2, p) such that JUTR is not nuclear and, thus, that T(Bx(0, 1)) is not GSP (see the remark after Definition 1.2). For the converse, let U: Y -> Lx(Sl, 2, p) be an operator. We must show that JUT is nuclear (where J always denotes the canonical operator). Assuming that \\U\\ = 1; this is equivalent to (JUT)* being nuclear, which it is, because the vector measure associated with (JUT)* has average range in T*(BY.(0, 1)) which is an RNP set (again, see [6, pp. 78-88 and 141-148]). Theorem 1.13. Every bounded subset of X is GSP if and only if X* has RNP.
Our principal result in this section is the following. (This is exactly the construction of [3] .) We need only observe that Z* has RNP, or equivalently the unit ball of Z is GSP. By Lemma 1.8 we need only know that the unit ball of Z (regarded as a subspace of Y0) is a GSP subset of Y0. By Lemma 1.9, we need only observe that the yn coordinates of Z are GSP. The yn coordinates of Z are contained in n "=, Sn, which is GSP. NI < UProof. One direction is from Lemma 1.7 and Theorem 1.14. Suppose S is GSP; we may also assume that it is closed, convex and symmetric. Define T0: ¡X(S) -» X by T0((XA) = 2xeS A^x. Since T0 maps bounded sets onto GSP sets, by Theorem 1.14 there exist operators Tx, T2, and a Banach space Z with Z* having RNP, Tx: lx(S) -* Z, T2: Z^X, and T0 = T2TX. Let T = T2. Corollary 1.16. Let K G X* be a weak* compact, convex RNP set. Then there exists a Banach space Z with Z* having RNP and an operator T: X -» Z with dense range such that T* maps some bounded subset of Z* onto K.
Proof. Define T0: X -^> C(K) to be the evaluation operator. By Theorem 1.12 T0 maps bounded sets into GSP sets. Therefore, there exist Tx, T2 and Z as in Theorem 1.14. The desired operator is Tx. Clearly, we may assume that Tx has dense range: this also follows from the construction given in [3] . Corollary 1.17. Let K G X* be a weak* compact, convex RNP set. Then K is af finely homeomorphic (in the weak* topologies) to a weak* compact convex subset of a conjugate Banach space with RNP. 
IWI-o ||x||
The following well-known results are the only things we shall need about differentiability.
Proofs can be found from at least as long ago as Smulyan [19] -[22] and Mazur [13] . (1) <p tí (Fréchet) Gateaux differentiable at x0; (2) if G = {(x, t): t > <p(x)} then (x0, <p(x0)) (strongly) exposes G°; and (3) the Minkowski functional of G is (Fréchet) Gateaux differentiable at (x0, <p(x0)).
Definition 2.5. A Banach space X is an (weak) Asplund space if every continuous, convex tp: X -> R is (Gateaux) Fréchet differentiable on a dense Gs subset of X.
We shall also need the following result of Phelps (see [15] and [4] ). Proposition 2.6. Suppose xf, x* are in X*, ||x*|| = ||x*|| = 1, and {x: ||x|| < C and x*(x) < 0} is a subset of {x: x*(x) < X), where C > 1 and 0 < X < (C -l)/4; then \\x* -x*\\ < 2X/C.
The following lemma is essentially known (see [25] and [2] ). The proof is a combination of the techniques of [25] and [2] , but is certainly much shorter than that of [25] and its references.
Geometric
Lemma 2.7. Let D be a subset of X* that is weak* compact, convex, and contains the origin. S(x, a) . Let Am = {x G X: there exists a > 0 such that diam 5(x, a) < l/m). Each /lm is open and H ™_i -<4m is exactly the set of strongly exposing elements of X. We shall show that each Am is dense in X. Suppose there exist x0 in X, 0 < tj < 1, and a positive integer m such that for any x with ||x -x0|| < tj then diam S(x, a) > l/m for all a > 0. We may assume /?(x0) > 0 and ||x0|| = 1 (if p(x) = 0 for x in Z^Xq, t/) then p is differentiable there). Choose any a0 > 0 and let C0 be a number greater than 8/ij and sup{||x*||: x* E Z>}. Ä = {x* G X*: \\x*\\ < C02andx*(x0) < p(x0) -a0).
Choose any x* in D. We shall show that D is not a subset of c(B u {B(x*, l/4m) n Z>)).
Suppose there exist b* G B, x* G D with ||x* -x*|| < l/4m and í with 0 < t < 1 such that p(x0) -a0/SmC2 < (tb* + (1 -t)x*)(x0)
< '(/>(*o) -«o) + (1 -t)p(xo).
Thus; < l/8wC02. Also, \\(tb* + (1 -r)**) -x0*|| < ||x* -x*|| + t(\\b*\\ +\\xg\\)
Therefore, diam S(x0, a0/8«iC02) is less than l/m, which is a contradiction. By the Hahn-Banach theorem there exist x, in X and ax > 0 such that ||x,|| = 1 and p(xx) > ax + sup{x*(x,): x* G B u (B(x*, l/4m) n D)).
Sincep(xx) < C0 and 8 < C0 we have that C0 < (C02 -l)/4 and from Proposition 2.6, ||x, -x0|| < 2C0/Cq < Tj/4. Since x* was an arbitrary element of D we may, for convenience, assume that Xq is a point of D such that Xq(x0) = p(x0). By the separation theorem there existsy0 G X, \\y0\\ = 1, such that x*(y0) -I/4™ > sup{x*(.y0): x* G S(x" ax)}.
Let m0 = p(y0) -x*(y0) + l/12«i and suppose x* is in the weak* compact, convex set c(B u D \ S(y0, u0)). That is, x* = tb* + (1 -r)x* for some /, 0 < t < 1, 6* G B, and x* G Z> with x*(>>0) < p(y0) -u0. Then,
Thus, / = 0 and x*(y0) < /'(^o) _ "o which contradicts the definition of u0. Again applying the separation theorem, we have that there exists an x2 G X, \\x2\\ = 1, an a2 > 0 such that x,*(x2) > a2 + sup{x*(x2): x* G B u D \ 5(>»0, u0)}. From Proposition 2.6 we have that ||x2 -x0|| < 2/C0. Also, we have S(x2, aj) G S(y0, u0) and for x* G S(xx, ax),y* G S(x2, a2), x*(y0) < x*(y0) -l/4m = p(y0) -u0 -l/6m <y*(y0) -l/6m.
Replacing C0 by 2C0 we repeat this construction inside 5(x,, aj) and S(x2, aj). Let
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use x00 = x0, x,0 = x,, x,, = x2, andy00 = y0. Thus, we obtain sequences {x",} and {yn>¡}, « = 0, 1, ... , (' = 0, . . . , 2"~x, of norm one elements of X and positive numbers ani such that IK; -*.*t#+A < 1/2n^,C0 forj = 0, 1, i W S\Xn+\,2¡+j> an+\,2i+j) £ S(XH¡, anj), 7=0 sup{x*(^n,): x* G S(xn+X2i, an+X2i)} < inf{x*(7",): x* G S(xn+X2i+X, an+x2i+x)} -l/6m.
Let Y he the smallest closed, linear subspace containing {yn¡) and
The separation properties of theyni show that A (regarded as a subset of Y*) is not norm separable. Thus, D is not an RNP set (Proposition 1.10), which is a contradiction. Therefore, each Am is dense. Proof. Suppose X* has RNP and <p: X -> R is continuous, convex and <p(0) = -1 (so that (0, 0) is an interior point of the epigraph G of <p). Then G° is a weak* compact and convex subset of X* X R which has RNP. Apply Lemma 2.7 which also yields the converse.
The proofs of Corollaries 2.9 and 2.10 are immediate from Theorems 0 and 2.8. This ideal is exactly those operators T such that 7^*ZÎ* is nuclear for every R integral. In [6] Grothendieck proved that this ideal contains the weakly compact operators.
Combining Theorem 2.11 with the factorization theorem given in [26] we obtain the following. We point out that the dichotomy is whether 7X5^(0, 1)) is GSP or not. With modifications of the techniques used here, one can prove the following.
Theorem 2.14. Let K be a closed, bounded and convex subset of X. Then The subset of X X R that exposes G° contains all T((x, t)) where (x, t) strongly exposes f*(G°) (since T* is one-to-one). Define Vn = {(x, t) G X X R: there exists a slice 5 of G° by (x, /) such that diam T*(S) is less than 1/«}. Clearly, Vn is open, dense and if (x, /) is in Vn so is (sx, st) for every positive s. Therefore, the intersection of Vn with the graph of <p is open and dense in the graph of (p and A = fi "°L| ^ il {(x, <p(x)): x G X} is a dense Gs subset of the graph of tp. Under the obvious map the graph of tp is homeomorphic to X. Thus,
is a dense Gs subset of X. The definition of the 1^'s and Theorem 2.4 show that C is contained in the set of points of Gateaux differentiability of (p. [7] . Theorem 3.4. Let K G X* be a weak* compact, RNP set (convex or not). Then every sequence in K has a weak* converging subsequence.
From Corollary 1.17 we may assume A'* has RNP. In fact, we can prove the following.
Theorem 3.5. Let X be weak Asplund, and {x*} a bounded sequence in X*. Then {x*} has a weak* converging subsequence.
Proof. Let^" be the weak* closure of {xf: k > «} and ,4 = D"_i An. The set of elements of X that expose A are exactly the points of differentiability of the convex function p(x) = sup{x*(x):
x* G A] which, by hypothesis, is a dense Gs subset of X. So there exist an x0 G X, x* G A such that x0 exposes A at x<*. There exists a subsequence {x*} such that x*(x0) -> Xq(x0). Let xf be any weak* cluster point of {x*}. Then x* G A and xf(x0) = Xq(x0). Hence, xf = x*. Let Bj be the weak* closure of {x£: i > j); C\j Bj = {x0}. A simple compactness argument shows that if x* G U weak* open, then there exists aj such that Bj G U. This proves x* converges sequentially to x*. This is a very easy argument. The importance is knowing which spaces are weak Asplund spaces. The particular case of this result when X is WCG was proved by W. B. Johnson (see [4] ). This follows from a result of Pekzynski (see [14] ) and the fact that if Y has RNP then no subspace of Y is isomorphic to c0.
4. If A1 has an equivalent Fréchet differentiable norm, then X is Asplund. It has been known for some time [27] that if a Banach space admitted a Fréchet differentiable function with bounded support then every separable subspace of X has a separable dual-hence, X* has RNP and from our results X is an Asplund space. This was proved in a different way in [5] .
5. Pekzynski has asked the following question: suppose T: X -> Y transforms bounded sets into RNP sets; does T factor through a Banach space with RNP? We have shown that the answer is yes when T is a conjugate operator-using the construction of [3] .
6. If X is weak Asplund, is any closed, linear subspace of X weak Asplund? 7. Which properties of WCG spaces extend to GSG spaces? Or, at least, can one obtain known results about WCG spaces by the techniques given here, as opposed to the basic technique of proofs in WCG spaces (that of constructing equivalent norms)?
8. Does every C(K), with K compact, Hausdorff and dispersed (no perfect subsets) have an equivalent Fréchet differentiable norm? Also, there is the wellknown problem of characterizing Banach spaces that have equivalent Fréchet differentiable norms. The examples given in [10] and [12] make this appear difficult. 9 . Suppose X and Y are separable, Y* is not separable, X* is separable, and T: X -h> Y has dense range (e.g. define T: c0->/, by T(tj) = (2~'t¡)). Then T* is an affine homeomorphism (in the weak* topologies) of the unit ball of Y* into X*, but the unit ball of Y* is not an RNP set but its image under T* is an RNP set. Thus, the property of weak* compact sets being RNP sets is not invariant under weak* affine homeomorphisms.
10. Is there a characterization of weak* sequential compactness of X* in terms of some differentiability criteria of A'? Probably not, but an exact determination of the relationship between these two concepts might be useful in constructing examples.
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